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Abstract
If x is a vertex of a digraphD, denote by d+(x) and d−(x) the outdegree and the indegree of x, respectively. The global irregularity
of a digraph D is deﬁned by ig(D) = max{d+(x), d−(x)} − min{d+(y), d−(y)} over all vertices x and y of D (including x = y).
If ig(D) = 0, then D is regular and if ig(D)1, then D is almost regular. A digraph D is said to be strongly k-path-connected if
for any two vertices x, y ∈ V (D) there is an (x, y)-path of order k and a (y, x)-path of order k in D. In this paper we show that an
almost regular c-partite tournament with c8 is strongly 4-path-connected. Examples show that the condition c8 is best possible.
© 2007 Elsevier B.V. All rights reserved.
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1. Terminology and introduction
In this paper, all digraphs are ﬁnite and without loops or multiple arcs. The vertex set and arc set of a digraph D are
denoted by V (D) and E(D), respectively. If xy is an arc of a digraph D, then we write x → y and say x dominates y,
and if X and Y are two disjoint vertex sets, or subdigraphs of D, such that every vertex of X dominates every vertex
of Y , then we say that X dominates Y , denoted by X → Y . Furthermore, XY denotes the fact that there is no arc
leading from Y to X. The out-neighborhood N+D(x) = N+(x) of a vertex x is the set of vertices dominated by x and
conversely the in-neighborhood N−D(x) = N−(x) is the set of vertices dominating x. For an arc xy ∈ E(D), y is an
out-neighbor of x and x is an in-neighbor of y. The numbers d+D(x)=d+(x)=|N+(x)| and d−D(x)=d−(x)=|N−(x)|
are called the outdegree and indegree of x, respectively. Furthermore, the numbers +D = + = min{d+(x)|x ∈ V (D)}
and −D = − = min{d−(x)|x ∈ V (D)} are the minimum outdegree and the minimum indegree, respectively. A digraph
D is called regular or r-regular if d+(x) = d−(x) = r for all x ∈ VD. There are several measures of how much a
digraph differs from being regular. In [12], Yeo deﬁnes the global irregularity of a digraph D by
ig(D) = max
x∈V (D){d
+(x), d−(x)} − min
x∈V (D){d
+(x), d−(x)}.
If ig(D)=0, thenD is regular and if ig(D)1, thenD is called almost regular. By (D)=we denote the independence
number of (the underlying graph) of the digraph D. A cycle or path here is always a directed cycle or directed path. A
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path (cycle) of order k is called a k-path (k-cycle).A c-partite or multipartite tournament is an orientation of a complete
c-partite graph. Let V (x) be the partite set containing the vertex x ∈ V (D).
In [9,8], Volkmann answered the question for which c every arc of almost regular c-partite tournaments is contained
in a 4-cycle. In a later work [7], Volkmann generalized the question to k-cycles for k ∈ {4, 5, . . . , c} in almost regular
c-partite tournaments with partite sets V1, V2, . . . , Vc such that |V1| = |V2| = · · · = |Vc|2. Recently, Volkmann and
Winzen [10,11] extended this result to all almost regular c-partite tournaments with c8 and c = 7 and at least two
vertices in each partite set.
Alspach [1], Alspach et al. [2] and later Thomassen [5] studied cycles and bypasses in tournaments T with given
irregularity. They answered the question for which n= |V (T )| every arc of almost regular tournaments is contained in
a k-cycle and for which in a k-bypass for k ∈ {4, 5, . . . , n − 1}. As in [2], a k-bypass of an arc xy is a path of order
k + 1 from x to y. In [3], Guo deﬁned the strongly path-panconnectivity in digraphs. In this paper we use a slightly
modiﬁed version of this deﬁnition.
Deﬁnition 1. A digraph D is said to be strongly k-path-connected if for any two vertices x, y ∈ V (D) there is a k-path
from x to y and a k-path from y to x in D.
An interesting extension of the above questions is for which c every almost regular c-partite tournament is strongly
k-path-connected for k ∈ {4, 5, . . . , c}. In this paper we start with k=4 and show that if D is an almost regular c-partite
tournament with c8, or with c = 7 and at least two vertices in each partite set, then D is strongly 4-path-connected.
2. Preliminary results
The following results serve as entry points to our main theorem. The ﬁrst lemma by Tewes, Volkmann andYeo can
be found in [4].
Lemma 1 (Tewes et al. [4]). If V1, V2, . . . , Vc are the partite sets of an almost regular c-partite tournament, then
||Vi | − |Vj ||2 for 1 ijc.
Lemma 2 (Volkmann and Winzen [10]). If D is an almost regular multipartite tournament and x a vertex of D with
|V (x)| = p, then
|V (D)| − p − 1
2
d+(x), d−(x) |V (D)| − p + 1
2
.
Remark 1 (Volkmann and Winzen [10]). If D is an almost regular multipartite tournament with the partite sets
V1, V2, . . . , Vc such that r = |V1| |V2| · · ·  |Vc| = r + 2, then |V (D)| − r is even. So the bounds in Lemma
2 can be improved by
d+(x), d−(x) = |V (D)| − r − 2
2
if |V (x)| = r + 2
or
d+(x), d−(x) = |V (D)| − r
2
if |V (x)| = r .
Consequently, for the case that (D) = r + 2, instead of Lemma 2, we can use the following result:
|V (D)| − r − 2
2
d+(x), d−(x) |V (D)| − r
2
.
Theorem 1 (Turán [6]). Let D be a digraph without 2-cycles. If the underlying graph of D has no clique of order
p + 1, then
|E(D)| p − 1
2p
|V (D)|2.
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Theorem 2 (Volkmann [9]). Let D be an almost regular c-partite tournament. If c8 or c = 7 and there are at least
two vertices in every partite set, then every arc of D is contained in a 4-cycle.
3. Main results
Theorem 3. Let D be an almost regular c-partite tournament, and let u and v be two distinct vertices from the same
partite set. If c8 or c = 7 and there are at least two vertices in every partite set, then there exists a 4-path from u to
v as well as from v to u.
Proof. Let r be the cardinality of a smallest partite set of D, and let = (D). According to the almost regularity and
to Lemma 1, we observe that rr + 2.
Let now u and v be two vertices of D from the same partite set, i.e. V (u)=V (v). Suppose that there does not exist at
least one 4-path between u and v (either from u to v or from v to u). If there are two vertices x ∈ S1 =N+(u)∩N+(v)
and y ∈ S2 = N−(u) ∩ N−(v) with x → y, then uxyv and vxyu are two 4-paths, a contradiction. Consequently there
remain the three cases S1 = ∅ or S2 = ∅ or S2S1.
Case 1: Assume that S1 = ∅. This implies that N+(u) ⊆ N−(v) and N+(v) ⊆ N−(u). If there are four vertices
x, y ∈ N+(u) and z, t ∈ N+(v) such that x → y and z → t , then we observe that uxyv and vztu are 4-paths, a
contradiction. Otherwise either N+(u) or N+(v) are subsets of one partite set.
If N+(u) is a subset of a partite set, then d+(u)r + 2 and therefore d−(u)(c − 2)r . It follows that
d−(u) − d+(u)(c − 2)r − r − 2 = (c − 3)r − 22
for c7. This yields ig(D)2, a contradiction to the hypothesis ig(D)1.
If N+(v) is a subset of a partite set, then d+(v)r + 2 and therefore d−(v)(c − 2)r . This leads analogously to
the contradiction d−(v) − d+(v)(c − 3)r − 22> ig(D) for c7.
Case 2: Assume that S2 = ∅. Due to the symmetrical deﬁnition of S1 and S2 we can similarly prove the case that
S2 = ∅.
Case 3: Assume that S2S1. The ﬁrst part of the proof yields S1, S2 = ∅. Now let W1 = N+(u) − S1 and
W2 = N−(u) − S2, and thus W1 → v → W2.
If there are arcs in D[W1] and in D[W2], then as in Case 1 we arrive at a contradiction. Hence, without loss of
generality, let W1 = ∅ or let W1 consists of vertices from only one partite set.
Subcase 3.1: Assume that there is an arc x → y in D[W2]. This implies that D contains the 4-path vxyu leading
from v to u. If there are vertices w1 ∈ W1 and s2 ∈ S2 such that w1 → s2, then uw1s2v is a 4-path from u to v, a
contradiction. If there are vertices s1 ∈ S1 and w1 ∈ W1 such that s1 → w1, then us1w1v is a 4-path from u to v, also
a contradiction. Consequently, let S2W1S1.
Subcase 3.1.1: Assume that |V (u)| = r . If we take a vertex s1 ∈ S1 with d+D[S1](s1)(|S1| − 1)/2, then we observe
that
|S1| + |W2| − 1d+(v) − 1d+(s1) |S1| − 12 + |V (u) − {u, v}| + |W2|
|S1| − 1
2
+ r − 2 + |W2|.
This implies that
|S1|2r − 3. (1)
Let |V (D)| = cr + k with 0k2c − 2 and |W1|r + l1 with 0 l12. Using Lemma 2, (1) and the fact that l1k,
we arrive at
(c − 1)r + k + 1
2
− |S2|d−(u) − |S2| = |W2|
= |V (D)| − |V (u)| − |W1| − |S1| − |S2|
cr + k − r − (r + l1) − (2r − 3) − |S2|
⇒ cr − r2cr + k − 8r − 2l1 + 5
⇒ cr + 57r + 2l1 − k7r + l17r + 2,
a contradiction to c7.
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Subcase 3.1.2: Assume that |V (u)| = r + 1. If we take a vertex s1 ∈ S1 with d+D[S1](s1)(|S1| − 1)/2, then we
observe that
|S1| + |W2| − 1d+(v) − 1d+(s1) |S1| − 12 + |V (u) − {u, v}| + |W2|
|S1| − 1
2
+ r − 1 + |W2|.
This implies that
|S1|2r − 1. (2)
Analogously, using avertex s2 ∈ S2 withd−D[S2](s2)(|S2|−1)/2 andd−(s2)d−(u)−1,we can show that |S2|2r−1.
Let |V (D)| = cr + k with 1k2c − 2 and |W1|r + l1 with 0 l12. Using Lemma 2 and (2), we arrive at
(c − 1)r + k
2
− |S2|d−(u) − |S2| = |W2|
= |V (D)| − |V (u)| − |W1| − |S1| − |S2|
cr + k − (r + 1) − (r + l1) − (2r − 1) − |S2|
⇒ cr7r + 2l1 − k. (3)
Subcase 3.1.2.1: Assume that l1 = 0. In this case the fact that k1 yields a contradiction to c7 in (3).
Subcase 3.1.2.2: Assume that |W1| = r + l1 = r + 1. If c8, then using (3) and k2 we arrive at the contradiction
8rcr7r + 2 − k7r .
Hence let c = 7. If k3, then (3) also yields a contradiction. Consequently, let k = 2 and thus |V (s1)| = r . It follows
that d+(s1) = d−(s1) = 3r + 1. Furthermore we see that
d−(v) = |S2| + |W1|2r − 1 + r + 1 = 3r ,
and thus d−(v)=3r and d+(v)=3r +1=d+(s1). Analogously as in Subcase 3.1.1 it follows that |S1|2r −3, which
leads to a contradiction.
Subcase 3.1.2.3: Assume that |W1| = r + l1 = r + 2 and thus k3. If k5, then with (3) we obtain a contradiction
to c7. If k = 3, then it follows that |V (s1)| = r and thus in view of Lemma 2 and Remark 1 d+(s1)d+(v). As in
(2) we see that |S1|2r − 3. Now analogously as in Subcase 3.1.1 we arrive at a contradiction.
Hence it remains to treat the case that k=4. Using (3) we observe that c=7 and thus |V (D)|=7r +4. If |V (s1)|= r ,
then Remark 1 implies that d+(s1)d+(v) and as in (2) we conclude that |S1|2r − 3. Analogously as in Subcase
3.1.1 this leads to a contradiction. Consequently let |V (s1)| = r + 1. Since S1 is at most 5-partite, Theorem 1 yields
that
+D[S1]|S1|
∑
x∈S1
d+D[S1](x) = |E(D[S1])|
2
5
|S1|2.
Hence, there is a vertex sˆ1 ∈ S1 such that d+D[S1](sˆ1) 25 |S1|. It follows as above that
|S1| + |W2| − 1d+(v) − 1d+(sˆ1) 25 |S1| + r − 1 + |W2|
⇒ |S1| 53 r
⇒ 6r + 4
2
− |S2|d−(u) − |S2| = |W2| = |V (D)| − |V (u)| − |W1| − |S1| − |S2|
⇒ 3r + 27r + 4 − (r + 1) − (r + 2) − 5
3
r
⇒ 13 r1⇒ r3.
(4)
Subcase 3.1.2.3.1: Assume that r = 3. If |S1|4< 53 r , then using the same argumentation as in (4) we arrive at a
contradiction. Hence, let |S1| = 5. If S1 is 5-partite, then D[S1] is a tournament. It follows that there is a vertex s′1 ∈ S1
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such that d+D[S1](s
′
1)2 and |V (s′1)| = 3 or d+D[S1](s′1)1. In both cases we arrive at a contradiction as in (4). If S1 is
at most 4-partite, then Theorem 1 implies that there is a vertex s′′1 ∈ S1 such that d+D[S1](s′′1 ) 38 |S1| = 158 and thus
d+D[S1](s
′′
1 )1, also a contradiction.
Subcase 3.1.2.3.2: Assume that r = 2. With (4) we conclude that |S1|3. Hence, S1 is at most 3-partite and there is
a vertex s˜1 ∈ S1 such that d+D[S1](s˜1)1 and |V (s˜1)| = 2 or d+D[S1](s˜1) = 0. In both cases we arrive at a contradiction
as in (4).
Subcase 3.1.3: Assume that |V (u)| = r + 2. If we take a vertex s1 ∈ S1 with d+D[S1](s1)(|S1| − 1)/2, then we
observe by Lemma 2 and Remark 1 that
|S1| + |W2|d+(v)d+(s1) |S1| − 12 + |V (u) − {u, v}| + |W2|
|S1| − 1
2
+ r + |W2|.
This implies that
|S1|2r − 1. (5)
Let |V (D)| = cr + k with 2k2c − 2 and |W1|r + l1 with 0 l12. Using Remark 1 and (5), we arrive at
(c − 1)r + k − 2
2
− |S2| = d−(u) − |S2| = |W2|
= |V (D)| − |V (u)| − |W1| − |S1| − |S2|
cr + k − (r + 2) − (r + l1) − (2r − 1) − |S2|
= (c − 4)r + k − 1 − l1 − |S2|
⇒ cr − r + k − 22cr + 2k − 8r − 2l1 − 2
⇒ cr7r − k + 2l1. (6)
If l1 = 0, then (6) yields a contradiction to c7. If |W1| = r + l1 = r + 1, then k3 and (6) also lead to a contradiction
to c7. Hence, let |W1| = r + l1 = r + 2 and thus k4. To get no contradiction to (6), it follows that k = 4 and
thus |V (s1)| = r . Because of |V (v)| = r + 2, Remark 1 yields d+(s1) = d+(v) + 1. Similar as above, this leads to
|S1|2r − 3 and as above we arrive at a contradiction to c7.
Subcase 3.2:Assume that W2 =∅ or W2 contains vertices from only one partite set. If there are vertices w2 ∈ W2 and
s2 ∈ S2 such that w2 → s2, then there is the 4-path vw2s2u from v to u, and if there are vertices s1 ∈ S1 and w2 ∈ W2
such that s1 → w2, then D contains the 4-path vs1w2u. In both cases analogously as in Subcase 3.1 we arrive at a
contradiction. Hence, let S2W2S1. Now, similar to Subcase 3.1 we arrive at a contradiction. This completes the
proof of this theorem. 
Our ﬁrst example shows that the condition r2 in Theorem 3 is necessary when c = 7.
Example 1. Let V1 ={u, v}, V2 ={w1, w2}, V3 ={c1, c2, c3}, V4 ={a}, V5 ={b}, V6 ={x}, and V7 ={y} be the partite
sets of a 7-partite tournament such that a → b → x → y → a → x, b → y, {c1, c2} → {a, b} → c3 → {x, y} →
{c1, c2}, V3 → w1 → (V4∪V5∪V6∪V7) → u → V3 → v → (V4∪V5∪V6∪V7) → w2 → v → w1, w2 → u → w1
and w2 → V3 (see Fig. 1). The resulting 7-partite tournament is almost regular; however, there is no 4-path from v
to u.
Now we will present the main theorem of this note.
Theorem 4. Let D be an almost regular c-partite tournament. If c8 or c = 7 and there are at least two vertices in
every partite set, then D is strongly 4-path-connected.
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Fig. 1. An almost regular 7-partite tournament with the property that there is no 4-path from v to u.
Fig. 2. Two almost regular 7-partite tournaments with the property that there is no 4-path from v to u.
Proof. Theorem 2 assures that, under our assumptions, for every two vertices u, v, such that u → v, there exists a
4-path from v to u. We now have to show the existence of a 4-path from u to v. Let
S = N+(u) ∩ N−(v), W = N−(v) − S and R = V (D) − (N+(u) ∪ W ∪ {u, v}).
By exchanging d−(u) with d−(v) and d+(v) with d+(u) in the proof of Theorem 2 we can prove the existence of a
4-path from u to v as in the proof of Theorem 2.
If u and v are vertices from the same partite set, then Theorem 3 leads to the desired result. 
For two vertices in different partite sets the following example, which can be found in a similar version in [9], shows
that the condition r2 in Theorem 4 is necessary when c = 7.
Example 2. Let V1 = {u, u2}, V2 = {v, v2}, V3 = {w1, w2, w3}, V4 = {x}, V5 = {y}, V6 = {z}, and V7 = {a} be the
partite sets of a 7-partite tournament such that v → u2 → {a, x, y, z} → v2 → u → {a, x, y, z} → v → V3 → u,
v2 → u2, v2 → V3 → u2, w1 → a → x → y → z → a → y → w1 → z → x → w1, w2 → z → w3 → a →
w2 → x → w3 → y → w2. If either u → v or v → u (see Fig. 2), then the resulting 7-partite tournament is almost
regular; however, there is no 4-path from v to u. Consequently, the condition r2 for c= 7 in Theorem 4 is necessary.
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